Mathematics Date: ...ceeveeennnn..

Proof by Induction
Exercise A
1 Prove by induction that for any positive integer n, _r = %n(n +1). (5 marks)
r=|
2 Prove by induction that for any positive integer n, 3 1% = %nz(n +1)% (5 marks)
% r=1
3 a Prove by induction that for any positive integer n:
Srr=1)=tan+1)n-1) (6 marks)
r=1 :
2n+1
b Hence deduce an expression, in terms of n. for r(r=1). (3 marks)

r=1

4 a Prove by induction that, for any positive integer n:

SrBr-ND=n¥n+1) (6 marks)
r=| s
b Hence use the standard result for 3_#3 to find a value of n such that }_r* =4>_r(3r - 1).
5 ! b, (5 marks)
5 Prove by induction that for any positive integer n,
' oy 1 B i e n 4  n(Bn+3)
a rz='|(2) =1 > b glr(r.)-(r1+l). 1 c ,2:1r(r+2)_(n+l)(n+2)

6 The box below shows a student’s attempts to prove (Zr)_ = Y _r? using induction.
& r

r=1 =1

Let n = 1.Then LHS = [Zr-"] = (12=1, and RHS = Y 12 = 12 = 1, s0 that LHS = RHS (Basis step).
r=1 r=1 s
Mow we assume the statement is true for n = k:

and o for n = k + 1 the statement is
(k+1 y2 k+1
(LI’) = Era
r=1 r=1

Hence, I:'»y the principle of mathematical induction, the statement is true for all n € Z*.

a Identify the error made in the proof. (2 marks)

b Give a counter-example to show that the original statement is not true. (1 mark)

Question 7 is on the next page.
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7 A student claims that Y _r= %(rﬁ +n + 1), and produces the following proof.

r=1

Assume that the statement is true for n = k:

&
E}:%{k2 +k+1)
rat”’
Whenn =k + 1:

ket

k
Z)':Zr+(k+1)

rel r=1

1(/(2+I~:+‘1)+(k+1)

2+ k+1+2k+1)

= = = M|

(k2 + 2k + 1)+ (k+1)+1)

(k+1)2+(k+1)+1)

~

the statement is true for all n € Z+.

This is the original formula but with n = k + 1. Hence, by the principle of mathematical induction,

a Identify the error made in the proof. (2 marks)
b Give a counter-example to show that the original statement is not true. (1 mark)
Exercise B
1 Prove by induction that for all positive integers n:
a 8" -l isdivisible by 7 b 3% -1 is divisible by 8
¢ 5"+9"+ 2is divisible by 4 ' d 2" -1is divisible by 15
e 34 1is divisible by 4 f ' +6n* + 8nis divisible by 3
g n' + Snis divisible by 6 h 27(3*") -1 is divisible by 17
2 f(n)=13"-6"
a Show that f(k + 1) = 6f(k) + 7(13%). (3 marks)
b Hence, or otherwise, prove by induction that for all positive integers n, f(n) is '
divisible by 7. (4 marks)
3 gn)=5"-6n+8 2
a Show that g(k + 1) = 25g(k) + 9(16k — 22). (3 marks)
b Hence, or otherwise, prove by induction that for all positive integers n, g(n) is .
divisible by 9. (4 marks)
4 Prove by induction that for all positive integers n, 8" — 3" is divisible by 5. (6 marks)
5 Prove by induction that for all positive integers n, 3*"*? + 81 — 9 is divisible by 8. (6 marks)
6 Prove by induction that for all positive integers n, 2" + 3*"~2is divisible by 5. (6 marks)
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Exercise C

1 Prove by induction that for all positive integers n,

(l 2)" _(1 2n ;
0 1/ 70 1 (6 marks)
2 Prove by induction that for all positive integers n,
(3 -4)~ ~ (2n +1  —4n ;
1 -1/ "\ n =2n + l) (6 marks)
3 Prove by induction that for all positive integers n,
B a2, ‘
11 Sl g (6 marns
4 a Prove by induction that for all positive integers n,
(5 —8)"_ (4n +1  -8n
2 =3/7\ 2n 1 —4n) (S iy
b Hence find the value of » such that: -
(—I 3)(5 —8)"_ (ll —21)
2 sh\a -3/ =\to =19 (4 marke
5 The matrix M = ((2) f)
a Prove by induction that for all positive integers n,
. (2" 5(2"-1)
M" = ( 0 | ) (6 marks)
b Hence find an expression for (M")™" in terms of n. (4 marks)
Exercise D
1 Prove by.induction that 9" — 1 is divisible by 8 for all positive integers n. (6 marks)

2 The matrix B is given by B = ((l) 2)
a Find B?and B*. '

b Use your answer to part a to suggest a general statement for B", for all positive integers 7.

¢ Prove by induction that your answer to part b is correct.

3 Prove by induction that for all positive integers n, i(3r +4)= %n(3n + 1 i).
r=1

9 16)

-4 =7/

8n + 1 16n
-4n | —8n

The matrix B is given by B = (A")™".
b+ Hence find B in terms of n.

4 The matrix A is given by A = (

a Prove by induction that A" = ( ) for all positive integers n.

5 The function f is defined by f(n) = 5"~ + 1, where n is a positive integer.
a Show-that f(n + 1) - f(n) = ;1(5?‘" 1), where 1 is an integer to be determined.
b Hence prove by induction that f(#) is divisible by 6.

6 Prove by induction that 7" + 4" + 1 is divisible by 6 for all positive integers 7.

7 Prove by induction that for all positive integers 7, SHr+4)= %n(n +1)(2n + 13).
rm]

(6 marks)

(6 marks)

(4 marks)

(3 marks)
(4 marks)

(6 marks).
(6 marks)
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8 a Prove b)} induction that for all positive integers n:

Zr2 = %n(Zn + 1)(dn+1) (6 marks)
r=1
b Given that > 2 = kY_r2, show that k must satisfy n = IZ(— g (5 marks)
: r=1 r=1 =
i ' 2¢ 1 -
9 The matrix M = ( 0 ¢ for some positive constant ¢
a Prove by induction that for all positive integers n:
o 2" -1
M'=¢" ¢ (7 marks)
0 1
b Given that det(M") = 50", find the value of c. (5 marks)
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