Mathematics

Revision — Integration - Answers

1.
“.(l)_ 1 3y-4 = i + B = 3y —4 =A3y+2)+ By At loas Seefnitels' Ml
ay yGr+2) ¥y (Br+2) t least one of their Al
y=0 = —-4=24 = 4=- =-2 ar their =9
y—_ 2 —_2 — Both their
y==-3 = ~6=—38 = B=) A=—2 and their =9 |21
Integrates to give at least one of either
i—» +Alny Or —+uin(3y+2) | M1
3y-4 y (By+2)
3 B — + 3 A0 B=0
yBy+ ) Gy + b) At least one term correctly followed through Al f
from their A or from their B
= —2lny + 33y +2) {+ F} —2lny + 33y + 2) or —2].11}-' + 3]]1(.1-’ + %:]
with correct bracketing, Al caa
simplified or un-simplified. Can apply 15w
[6]
(1.1_} @) {.1 =4sin’ 6 =>} dr _ =8sinfcosf or o =45in28 or dv=8smbcostd Bl
Way 1 dé dé
Hﬂ 8sinfcosd {d6) or I,i dsin’0 26 {d6} M1
4—4sin” 4 4—4sin’ @
tan 6. 8sinfeosd d&‘ tan 4';11126’ 5} t * J 3+ Ktand or +K smé | M1
- 4 —x Leosg) | =
=J35m33de J85m26d9 including d§ | Al
. 3, ) 3 P Writes down a correct equation
3=4sin°f or—=sm Gor sinff=— = =— _ _ _ T
-+ 2 3 mnvolving x = 3 leading to 8= 3 and | B1
{-" =0—>6= 0} no incorrect work seen regarding limits
_ _ [5]
(1—cos28) [ . Apli —1—7sin?
iy®) | ={8} || ———|d6 {= |(4-4cos26)d6} ppitescos2f—1-2sm" 8 | ypy
@ ® { }j| 2 J l jt cos J to their integral. (See notes)
) \ For +a6’+;5"-;m”'6 cxﬁ;eO M1
1 1. :
=8| =f ——sin2f = 46— 2smn28
{ }LE 45]'t1 J { - } 5111‘8—} H—Zsmj'{? Al
: S N a0
[ssin’ 6 a6 = s{la—lsmza} = s,_f—— 13 +0]I
Jo 2 4 0 (L6 L 2 /IJ ' J
4 J_ e - 4 J- 1y -j-
= E}r— 3 two term” exact answer of e.g. E,T— 3 or 5[4,?'—3 3.] Aloe.
[4]
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@ | A= [;1!(3—x)(x+1) dr . x=1+2sinf

dx & =2cos@ or 2cosf used correctly
d B1

in thewr working. Canbeimphed. |

i j-\f(?» x)(x+1) dx or l-q,(3+"x x° )dx]

J \J‘h (1 n 2'5“19)]L(1 + 2sind) + 1) Ycosd {dt?}  Substitutes for both x and dx. ML
wlrlere dx = Ad6. Ignore dﬂ

;'Tlﬁ-'z"_'};;.;éi{z'l};;é}"é;;é'{;{;}"""""

.,'14 4sin’ 6 7cos&’

1" 4- 4(1 cos” 6" ?cosﬁ or J-u'4cos & 2cos6 {d&’} Appliescos™ 8 =1 —sm” & M1

_Seenotes [

L

4J. ‘gde IAI ‘de
cos or cos Al

_Note: d& 1srequredhere. |

= =1-J.cc:‘;2 gdéa. {fc = 4}

0=1+2sin8 or —1=2siné or «;me:—%: 9:—%

See notes | Bl
and 3=1+2smnf or 2=2smf or smf=1= sz_;

A B

®) {k'[cos o [dﬁ'l} [k}'[|:1+c;52|9j {dﬁ}» Appliescos';ft—h;;c;ifgmﬁ M

| —6' + lsmlﬂJ
4

Imegrates tcgne +a'5+ ﬁsng az0. f=0 M]_
of k(taf + Bsin2d) | (AlonePEN)

X

4'3 Icos gde = [29+«;m29] }
| =

B
2 Al

_{Sﬁ-_'_j.‘fg) Can 30
e L

_‘T
ey 3
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de -+ dx
{u:ﬂ:}}—jz—x‘ or —=2u Bl
x 2 du
_ +k ' +k
le 2u du Either J. 7“ {du} or J. ——— {du} M1
2u” + Su au” * fu u(au" + fu)
i 5)
+AIn(2u +5) or £Aln| u +3 |, 2=0 M1
. . ) 1
20 20 ) '
= du » = —In(2u +5) with no other terms.
2u+s 2 . .
: 20 20 5
— —In(2u +5) or 10ln|u+=| | Alcso
2u+5 2 X 2)
20 2 Substitutes limits of 2 and 1 in u
[Tln(zu +5)} =10In(2(2) +5) - 10In(2(1) + 5) (or 4 and 1 1n x) and subtracts | M1
= 1 the correct way round.
23
10ln9 -10In7 or 1[}]11[¥] or 20ln3-10In7 Al oecso
[6]
4,
. . J_raxe”—.[ﬂe“{dx}q a=0, >0 | Ml
(1) Jxe'” de = —x e'”—.[ —e* {dx} ) )
4 4 —xe“—'[ —e¥ {dx} | AL
4 4
= lxe“ - i~?” {+ ¢} ixe“ - ie“ Al
4 i 4 16
[3]
} +A02x -1 | M1
) 8 8(2x -1~ I
(i1) Jl - dx = {+c} s(2x -1~ .
(2x -1y (2)(-2) ————— orequivalent. | Al
(2(-2)
{: —22x -1 {+ (}} {Tenore subsequent working}. 2]
(111) d—‘ = e"cosec2y cosecy y _Zoat x=0
dx 6
Main Scheme
J; dy = J e"dr  or J sin2y sy dy = J‘e" dx Bl oe
cosec 2y cosecy
J 2smmycosysmydy = J‘e’ dx Applying or sm2y — 2sinycosy | Ml
cosec2y
Integrates to give * usin’ y | M1
%sj.u5 y=¢"{+c} 2sin’ ycosy — %sin}y Al
e —» e* | Bl
P i P \ 5 PR ) L E L
ism’lﬂ —4c or :Jll_l:‘: Useofl}_éand.x_o M1
37 6, 3l 8, o _ .
in an integrated equation containing ¢
{:c——ﬂ} iving g's.J'va—e"—E Ef.\j.ns*.—e’f—E Al
ST B 12 3 12
[71
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Alternative Method 1

1 . .
J— dy = Je" dc or Js‘mQJJ sy dy = Je‘ dx Bl oe
cosec2y cosecy
1 . . . .
.[_E{msj'v — (‘05'1.') dy = Je’ dx sm2ysmy —> = Acos3y T Acosy | M1
Integrates to give Tasin3dy = fsiny | M1
11 _ 11 R
——| =sin3y—siny | =e" {+¢ ——| —smn3y —siny Al
21\3 y J el 213 }
e* — e" as part of solving their DE. | Bl
11 . (37 ) /1 1 )= -
——J—sm[—Tl—smlE] =e"+¢ or ——[———l—1=c Use of ) sand:a—(:man M1
20371 6, L6, N3 2 . _ o
N ’ integrated equation containing ¢
= c= 1 IVing lsm_i '+1si.n ) =eg" 1 —15m31’+l‘3m}’_er—ﬂ Al
T BV TgmmAytpswe=e Th 6 =~ 2 12
[7]
5.
cos8x seen m integrand M1
Fx]=Ax+ Bsmm8x oe M1 A and B are non-zero constants

3.
Flx]=6x— gsm 8x

1 1
—T|-Fl—m
Ptg ] [15 ]
3
—T+— oe
8 8

Al

M1=dep
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I du

de 1 -4
—=2xo0eor —=—(ux2)oe
du 2 ( : M1
AXC + B ) 63 +4x 6x*+4
——— or better from replacing dx NB : L M1
2 2x 2
btituti £ ) i NB
substitution of x* = = 2 or x = (u = 2)" m numerator 3
Ml u+2)+2or 3(11—4—2)"’5 +2(u+ 2)}/3
3u+8
( )[du] oe LY
'F ‘V'?T Al M or better
Ju
3 1
2 2 3 3
L Al or 6:.'75 + 161{% —4;;”5 from
3 1 ) integration by parts
2 2
3 1
2(x* —2)2 +16(x* —2)2 +¢ cao Al allow
. 200 -2’ +6)+c
for final mark, A0 if du not seen at
[6] some stage in the integral
7.
® ] 4 ., B . ¢C B1
(x+4) (x+1) (x+1)?
[16+5x—2x"]=A(x+ D> + Bx+1)(x +4) + C(x +4) M1
NB
A=—4 Al 36=—94
C=3 Al 9=3C
B=2 15w Al —2=A+B 5=24+5B+C
l6=A+4B+4C
—4 2 3
Grd) 4D el?
[5]
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(ii) j dy J416+’ix—°x on of variabl
(41 (x+4) Bl separation of variables
3 4 2 4 seen in RHS, may be embedded M1~ FT their partial fractions if two or
(x+1) (x+1) (x+49 ' three terms; 1gnore LHS
-3 ) - )

o1 +2In(x+1)—4ln(x+ 4 +c AIFT | FT their non-zero 3, 2 and 4; allow
recovery fromx + 17 m
denominator;
if brackets in log terms omitted,
allow Al if recovery seen m
substitution

1 -
- _ M1i=de "
111(256)— 3+2n1-4ln4+c P substitution of x = 0 and 1!:L :
- - 25
allow 1f error in mamipulation
following mtegration;

¢=3cao Al or 4= from y—Ae™ G’

’ G+
-3
y— 2 —_ 2 o
Iny o +2In(2+1)—4In(2+4) +3 Midep | substitution of x = 2;
dependent on award of previous
3 MI1M1 and numerical value found
y = £ e Al forc
144
[7]
(1Y)
SI11 X % —S11 X — COS X X COS X M1 or —sinxx—— +cosxx —(sinx)~ xcosx 0e
— sin X
S X
o —sin’ x—cos x
may be implied by - -
S X
eg eg
—(sin” x +co=; X . —sin®x cos’x
(st ) and completion to Al =——————— oe and completion fo
sin® x ‘ sin"x  sin’x
-1 -1
— AG EE
sin” x s x
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(ii) cos2x = 2cosx — 1 substituted in numerator M1 or alternative form of double angle fomu!la
plus Pythagoras leading to no term in sin"x in
numerator

sin?x = 2sinycosxy substituted in denominator M1
J2cosx
2sin® xcos x Al
- Cos X
Fi] = +k sin ¥ M1* | & must not be obtained from square rooting a
negative number
— oS —cos T
] |
J2 xsin % J2 xsin %
1
= 3 (-Jg - JE ) www AG Al
[6]
9.
i . dx
E=IF{'(3£+1?J 2 or E=2r‘ fromx=¢t =1 oe M1 or eg kdt = oe
- dr Jr+1
J‘ ke dr ML1* | kis any non-zero constant
1 - 1, Midep*
kt < —e” ik[—e"dz P
2 2
ol _ J.ez"dz o
Al may be implied by the next Al
. ]. 3
2 =i
2T _ 1 o .
x+1e € oo caowww Al + ¢ may be seen in previous line only for Al
[6]
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10.

@ L _ . or 12 —4) + 4t
" quotient and £ + 21 seen Bl t+2)
r+2)r-2) 4t
—2¢ in quotient and —2¢° — (—2¢* — 4f) = 4f seen B1 (t+2) " f+2
H—2)+ 4r+2)-8
completion to obtain correct quotient and B1 - t4 2
remainder identified www
[3]
@ ) : )
alternatively r+2_Ar FBrrCy (t+2) Bl or P =(At* + Bt+ C)(t+2)+ D
equate coefficients to obtain correctly B1
A=1,0=24+5B and B=—-2www
0=2B + Cand 0 = 2C + D obtained and solved B1
correctly www
3]
(ii) mtegration by parts withw =In(r+ 2) and dv = M1#* f(#) must include £ and g(#) must not
6" to obtain f(7) = [g(r)(dt ) include a logarithm
. 21
20 In(t+2) - dt) cao
t+2)- [== @ Al
result from part (1) seen in ntegrand; must M1* no integration required for this mark
follow award of at least first M1
3 2° 3 28,
Hit] =2t ln(t—z)L? +2¢ +8¢ +16In(t +2) Al 2t l_u(r+2)—? +2t% — 8t +16In(t + 2)
their F[2] — F[1] Midep* | at least one of their terms correctly
mtegrated
—6%5 — 18In3 + 32In4 oe cao Al
[6]
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11.

A B C A Bx+C
+ + - B1 or +—
1+2x 1-x (1-x)° I+2x  (1-x)
may be seen in later work may be seen later in later work
2 2
2+x2 = AQ1- )% + B(1+ 21— x)+ C(1+2x) M1 or A(1 —x)" + (Bx + C)(1 + 2x)
A=1,B=0and C=1www AlAlAL
J' (1 1 }
| ==+ - [dx=
W1+ 2 (1-x)7 )
aln(1 + 2x) + b(1 —x)_l MI1* a and b are non-zero constants
F(x) = %In(1 + 20) + (1 —x)" Al
103, 4 1
their —In(=)+ —-(=In1+1
PRGN ) Mldep*
1 ]n(i) + a_ 0-1 Al and completion to given result www
2 2 3 [9]
12.
dv :
1 =In3xand dv or é =x M1 mteg by parts as far as f{x)+/— J g(x)dx)
d 1 3
—(In3x)==or — B1 stated or clearly used
dx X 3x ;
x° x* . . du . . .
?Jn 3x— J. ?theu'd—(dr) FT VAl 1.e. correct understanding of “by parts’...
X
Indication that Iixsdx is required M1 ie. before integrating, product of terms
must be taken
X’ X1 1 1x° X 3
—In3x—— or —1‘9[]1131:——} ISW (+c) cao Al —— to be sunplif to — ; —— satis
9 81 9 9 99 81 243

. A

If candidate mamipulates In(3x) first of all

In(3x)=In3+ Inx Bl
u=1Inxanddv=x* M1 In order to find | x*In x dx -
9 s Al ’
Jl—].11:c—|x—.l(d.ﬂ or better
9 49 x
9 9 Al
o
9 81

s ot VA1
Their J'x lnxde+ -3 (+c) FT ISW
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13.

(i) (1+tanx)—(1-tanx) M1 Combine (or write as 2 separate
(1—tan x)(1+ tan x) fractions) using common denominator
2tanx .
= ——— = tan 2x Answer Given 2tanx -
2, Al ———— essential stage
1-tan™x | —tan’ x g
NB. If tan x changed into 28X before
manipulation, apply same principles
2]
(i) [tan 2xdx= Aln(sec2x)or uIn(cos2x) [=F(x)] Ml
1 1
A= 5 or  pu= > Al
LT LT
their F[E] — their P[E] M1 dependent on attempt at integration. ._____.
2 1.e. any correct but probably unsimplified
1 1
Tn2—3 mﬁ o Al numerical version
- 3 6 +Al 1.e. any correct version in the form a In b
ilnv3 or iln3or 3% or 1ln —= oe ISW
: T3
51
14.
Find du i terms of dx (or vi)or . o M1
ind du in terms of dx (or vv) or o An attempt - not necessarily accurate
) , ) . c1—1 No evidence of x at this A1 stage
Substitute, changing given integral to | — (du) Al g
Y ouc
) au+b . . au b ) o 1
Provided of form — , either splitas —+— ... M1 oruse ‘parts’ with ‘u’ = au+b, ‘dv’'= —
u- T T u-
1 b . 1
Integrate as Inw+—  orFT as alnu —— [=F(u)] VA1 or —(au+b)—+alnu FT [=G(u)]
u u u
Re-substitute 1 =1+ In x in F{u) M1 Re-substifute u = 1 + In x 1n G{u)
In(l+nx)+ (+c) ISW Al or In(1 +Inx)- In x (+¢) ISW
l+Inx 1+Inx
[6]
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15.

u=xanddv=cos3x M1 | integration by parts as far as f(x]:l: j g[x)dx
1. 1. _ ki — [E o .
x>-<—51113x—j—5u15:fdx A2 | Al for x xksuli;x—jksnledL katEorO
3 3
X . 1
—sm3x+—cos3x[+e¢] cao www ISW Al A 1
3 9 Not ... - —cosix} or ..——Ecos?»x
[4]
16.
Attempt diff to connect du & dx M1 or find % or &
Correctresulte.g. 2 =2 or du=2dx Al
def integ i fu=1[234 Al
Indef mnteg m terms of u = 2 J i (du) Must be completely in terms of u.
3 - _ (2u—3u~™ u”
3 ine ‘by oy -F -
Integrate to B ou oe ALAL or (using ‘by parts”) 2 B
Use correct vaniable & correct values for _ o .
limits M1 | Provided minimal attempt at J £(u )du made
7 - o - ..
= =2 0e (=0.059895 ) Ay | Accept decimal answer only if munimum of first 3
4 marks scored
[ISW.e.g. changing t 23 ]
SW.e g changing to —
& eme 384
[7]
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17.

| I cosx  —sinx cosx sin x
T — or L B2 | Each half (including ‘middle’ sign) scores B1
l+sinx cosx l+sinx cosx
tlcos XA mem '1-(1 +sm I) M1 | Combine, provided derivative was of form F'*)f,
(l + sin x) cos X
l"_"-’in "‘ = www  AG Al cos” x+sin’ x =1 in intermediate step required
cosx(l+sinx) cosx
n 1+sinx Bl
Change to ln[&J
cosx B1
Change to In(sec x + tan x) Not In( +tan x)
) cos X
attempt at L (sec x + tan x
Diff as Ll Ml
sec X +tan x
Reduce to secx = CDI: - Al
1+sinx
T} Change to ll\{ﬂ Bl
cosx
Diff as
attempt at quotient differentiation Ml
l+sinx
Fully correct differentiation Al
Correct reduction to
cos X Al
[4]
(ii) Indef integral = In(1 + sin x ) — In(cos x) Bl | orln(secx+tanx) [MethodII]
[Method I]
A . .
Substitute limits & use log manipulation M UseofnA-InB= ]-'JE anywhere i question
er= In(2 + 2+43 1+Y%
Answer = In(2 +13) Bl | Acceptln3.73 or In l-u“ .....but not In %
[3] 2
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18.

(D Clear start to algebraic division M1 | at least as far as x term in quot & subseq mult back
(Quotient) = x —1 Al
(Remainder) =x + 7 Al
] x+7
Fmal answer:  x—1+ Z_x-6 Al final answer in correct form
oA This must be shown 1n part (1) or, if not, then
implied in part (i1)
If no long division shown but only comparison of
coefficients or otherwise, SR M0 B1 B1 Bl
[4]
(ii) : .
Convert their —————— to Partial Fracts M1
x"—-x-6 l
x+7 — 2 _ Al1A1 | Correct fraction converted to correct PFs
X“—x—-6 x-3 x+12
Their
) 1 2 i {.‘Df +5B )1
J‘Ax+de=EA.1 + Bx orT Bl ft
J E,F dx=Eln(x-3)+Fln(x+2) | B1f
x—-3 x+2
Using limits in a correct manner ML | Tolerate some wrong signs provided intention clear
Stln 2_; E’ ' 8+l % ] w Al Answer required in the form a+1nb, so giving
\ /

only a decimalised form 1s awarded A0
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