Mathematics Date: voveeerrninnnnns
Linear Transformations

Exercise A

1 Which of the following transformations are linear transformations?

(-2 vel)-() < xl)-C3)

a5 en()-61) rel)- kT

2. Identify which of these are linear transformations and give their matrix representations.
Give reasons to explain why the other transformations are not linear.

v ()= 057) wr() -2 e e()-(3)

av()=(2) e w()-C)

3 Identify which of these are linear transformations and give their matrix representations.
Give reasons to explain why the other transformations are not linear.

a S (;) o (ﬁ) b T (I) — (-}J) ¢ Uk (A) — (x - y)
v ¥ | S\ xX-y,
ar()=)  em()-()
4 Find matrix representations for these linear transformations:
#()-05) v ef)- ()

S The triangle T has vertices at (-1, 1), (2, 3)and (5, 1).
Find the vertices of the image of 7" under the transformations represented by these matrices:

=1 0 1 4 0 -2
2 (3 9) blo ) e 3
6 The square § has vertices at (-1, 0), (0, 1), (1, 0) and (0, -1).
Find the vertices of the image of S under the transformations represented by these matrices:

20 1 -1 1 1
“(0 3) "[1 1) “(1 —1.)
7 The rectangle R has vertices at (2, 1), (4, 1), (4, 2) and (2, 2).
a Find the vertices of the image of R under the transformation represented by the

matrix [_{}l .,Dl )

b Sketch R and its image, R', on a coordinate grid.
¢ Describe fully the transformation that maps R onto R'.
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8 A quadrilateral Q has coordinates (1, 0), (4, 2). (3, 4) and (0, 2).
a Find the vertices of the image of @ under the transformation represented by the
. (2.0
matrix ([I 2).
b Sketch Q and its image. Q', on a coordinate grid.
¢ Describe fully the transformation that maps Q onto Q.

9 A square § has coordinates (-1, 0), (-3, 0), (=3, 2) and (—1, 2).
a Find the vertices of the image of S under the transformation represented by the
matrix (g é)
b Sketch S and the image of 5 on a coordinate grid.
¢ Describe fully the two transformations that map S onto S’

10 A triangle T has vertices (4, 1), (4, 3) and (1, 3).
a Find the vertices of the image of T under the transformation represented by the
(10
matrix (‘{} l)'

b Describe the effect of the transformation represented by the matrix ( g’ ?)

Exercise B

1 a Write down the matrix representing a reflection in the x-axis.
A triangle has vertices at 4 = (1, 3), B=(3, 3)and C=(3, 2).

b Use matrices to show that the images of these vertices after a reflection in the x-axis are
A'=(1,-3), B'=(3,-3)and C" = (3, -2).

2 a Write down the matrix representing a reflection in the line y = —x.
A rectangle has verticesat P=(1, 1), 0=(1,3), R=(2,3)and S=(2, 1).
b Use matrices to show that the images of these vertices after a reflection in the line y = —x are
P =(-1,-1), Q0" = (=3, 1), R = (-3, =2) and §' = (-1, -2).

i

3 Find the matrices that represent the following rotations.

Gt ; ‘
a 90° anticlockwise about (0, 0) m The st e

b, 270° anticlockwise about (0. 0) for angles measured anticlockwise, so

¢ 45° anticlockwise about (0, 0) make sute you c.onvert thg C|0Ckv5{l$€
angle to its equivalent anticlockwise

d 210° anticlockwise about (0. 0) angle.
e 135° clockwise about (0, 0)

4 A triangle has verticesat 4 =(1, 1). B=(4, 1) and C = (4, 2). Find the exact coordinates of the
vertices of the triangle after a rotation through:

a 90° anticlockwise about (0, 0) b 150° anticlockwise about (0, 0)
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5 A rectangle has vertices at P =(2,2), @ =1(2,3), R=(4, 3) and S = (4, 2). Find the exact
coordinates of the vertices of the rectangle after a rotation through:

a 2707 anticlockwise about (0, 0) b 135" clockwise about (0, 0)

o afy Jumsn=(’,

-1 0
a Write down fully the transformations represented by the matrices A and B. (4 marks)
b The point (3, 2) is transformed by matrix A. Write down the coordinates of the
image of this point. (1 mark)
¢ The point (g, b) is transformed onto the point (a — 3b, 2a - 2h) by matrix B. :
Find the values of ¢ and b. (3 marks)
_
V2 2
7 M= R
2 2,
a Write down fully the transformation represented by matrix M., (2 marks)
b The transformation represented by M maps the point (p. ¢) onto the point C with
coordinates (—+2, —2+2). Find the values of p and g. (4 marks)
¢ Use your calculator to find M-, (1 mark)

d Point Cis mapped onto the point D by the transformation represented by MP. Find the

coordinates of point D and describe fully the transformation represented by M?. (2 marks)

8 a Describe fully the transformation represented by the matrix A = ( 10

b Write down the equations of three different invariant lines under this

1). {2 marks)

transformation. . (2 marks)

¢ Write down A, (1 mark)

. fa b~ : : ; 7y
9 The matrix ( -0 5) represents an anticlockwise rotation about the origin, through an
angled. o

a Write down the value of «. (1 mark)

b Find two possible values of 6, and write down the matrix corresponding to each

rotation. (3 marks)

10 a Write down the matrix representing a rotation through 270° clockwise about (0, 0). (1 mark)

b A point (a, b) transformed using this matrix is such that its image is the point

(a — 5h, 4b). Find the values of @ and b. (3 marks)

Challenge

Prove that the general matrix representing a rotation through
cosf -sin 9)
sind cosf /)

angle ¢ anticlockwise about the origin is (
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Exercise C

1 Write down the matrices representing the following linear transformations,
a A stretch with scale factor 4 parallel to the x-axis
b A stretch with scale factor 3 parallel to the y-axis
"¢ An enlargement with scale factor 2
d A stretch with scale factor 5 parallel to the x-axis and a stretch scale factor 5 parallel to

the y-axis
2 For each of the transformations in question 1, m In an enlargement, ‘scale factor’
write down the area scale factor. refers to the linear scale factor of the

enlargement so the area scale factor
will be the square of this value.

i y : . (3
3 The unit square is transformed using the matrix ( 0 4J.

a Write down the coordinates of any invariant points.
b Work out the area of the resulting rectangle.

4 Write down the matrices representing the following transformations.
a A stretch with scale factor =2 paralle] to the x-axis

b A stretch with scale factor =3 parallel to the x-axis and scale factor 4 parallel to the y-axis

¢ An enlargement with scale factor -5

: . ; ; a O
5 Prove that the line y = kx is invariant under the transformation ( 0 a)’ where a and k are real
constants.

{2 0 ]
a Describe fully the transformation represented by M. (2 marks)

A 2D shape with area k is transformed using the transformation represented by M.
b Given that the image of the shape has area 24, find the value of . (2 marks)

7 A triangle with vertices at (1, 3), (5, 3) and (5, 2) is transformed using the matrix (a g)
a Find the coordinates of the vertices of the resulting image.
b Find the area of the new triangle.

8 A rectangle has vertices at (2, 00), (4, 0), (4, 5) and (2, 5). The rectangle is transformed by
a stretch with scale factor 2 parallel to the x-axis and a stretch with scale factor —3 parallel
to the y-axis.

a Find the coordinates of vertices of the resulting image.
b Find the area of the new rectangle.

9 A:(Zx@ ] )

.0 245
a Describe fully the transformation represented by the matrix A. (2 marks)
b A triangle T has coordinates (a, 1), (4, 1) and (4, 3). Given that T is transformed
using matrix A, and the area of the resulting triangle is 60, find the value of a. (3 marks)
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10 M= [ﬁ ;) where p and ¢ are constants and g > 0.

a Find M? in terms of p and g. (3 marks)
Given that M2 represents an enlargement with centre (0, 0) and scale factor 6,
b find the values of p and g. {3 marks)
ta=(3 D)anan=(; 4

a Find the matrix M where M = AB. (1 mark)
b Describe fully the transformation represented by the matrix M. (3 marks)
¢ A triangle T has vertices at (2, 1), (6, 1) and (6, k). Given that 7'is transformed

using matrix M, and the resulting triangle has area 320, find the value of k. (4 marks)

12 M:(_l ”J m You will learn how to

-V2 -1 describe transformations
A pentagon P of area 12 is transformed using such as this in Section 7.4.
matrix M. Find the area of the image of the pentagon FP'.
(2 marks)

13 A triangle T has vertices al the points A = (k, 1), B=(4, 1) and C= (4, k) where I is
an integer constant,

Triangle T is transformed by the matrix (: _l).

Given that triangle T has a right angle at B, and the area of the image triangle 7" is 10,
find the value of k. (5 marks)

14 A triangle T has vertices at (0, 0), (7, 7) and (3, -2).
a Write down the matrix, M, which represents a rotation through 45° anticlockwise

about (0, 0). (1 mark)
b Find the exact coordinates of the image of 7 when 7T is transformed using M, (3 marks)
¢ Show that detM = 1. : (2 marks)
d Hence find the area of the original trnangle T. (1 mark)

Problem-solving

A transformation U is represented by the matrix P = ((7) g) A non-zero singular 2 x 2 matrix

a Find detP. ; maps any point in the plane onto a

b Show that any point in the xy-plane is mapped onto the straight line through the origin.
x-axis by U.
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