Mathematics Date: ................
Roots of Polynomial Equations

Exercise A

1 o and 3 are the roots of the quadratic equation 3x? + 7x — 4 = (). Without solving the equation,
find the values of: [
p : 1 2,3
a a+d b af CE+E d ol + 3

2 o and 3 are the roots of the quadratic equation 7x* — 3x + 1 = 0, Without solving the equation,

find the values of?

% + é d o+ F

3 aand 7 are the roots of the quadratic equation 6x? — 9x + 2 = 0. Without solving the equation,
find the values of:

a a+3 b o c

a o+ /7 b a?x/#
e %jh% d ods 3 m Try expanding (o + 3)%

4 The roots of a quadratic equation ax* + bx + c=0area=2and 3= -3,
Find integer values for a, b and c.

5 The roots of a quadratic equation ax? + bx + ¢ = 0 are @ = —y and = —
Find integer values for a, b and .

- : . -1 +1 -1 -i
6 The roots of a quadratic equation ax? + bx + e=0area=—5—and f=—;

3
Find integer values for @, b and ¢

ra “

7 One of the roots of the quadratic equation ax? + bx + c=015 = -1 - 4i.
a Write down the other root, 3.
b Given that ¢ = 1, find the values of b and e.

8 Given that kx? + (k — 3)x — 2 = 0, find the value of & if the sum of the roots is 4.

9 The equation #x” = (16 + n)x + 256 = 0 has real roots o and —«. Find the value of n.
10 The roots of the equation 6x? + 36x + k = 0 are reciprocals of each other. Find the value of k.
11 The equation mx? + 4x + 4m = () has roots of the form k and 2. Find the values of m and k.

12 The equation ax® + 8x + ¢ =0, where g and ¢ are real constants, has roots o and o*,
a Given that Re(n) = 2, find the value of a.
b Given that Im(n) = 3i, find the value of ¢.

13 The equation 4x* + px + ¢ = 0, where p and g are real constants, has roots o and o*,
a Given that Re(o) = -3, find the value of p.
b Given that Im(n) # 0, find the range of possible values of g.
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Exercise B

a, 7 and ~ are the roots of the cubic equation 2x* + 5x* — 2x + 3 = 0. Find the values of:

a o+ G+ b ofy ¢ aF+ v+ dé+rl+:]}:

2 o, A and «y are the roots of the cubic equation x* + 5x? + 17x + 13 = 0. Find the values of:
aa+f+y b ajy ¢ af+ v+ a d o?F4?

3 o, 3 and ~ are the roots of the cubic equation 7x3 — 4x? — x + 6 = 0. Find the values of’

a a+ 8+ b o~y e Py’ d 'l‘+l+—,

58
4 The roots of a cubic equation ax® + bx* + cx +d=0arc o = % 8= % and y=1.

Find integer values for a, b, ¢ and d.

5 The roots of a cubic equation ax® + bx>+ex +d=0area=1+3i,F=1-3iandv= %

Find integer values for a, 5, c and d.

6 The roots of a cubic equation ax® + bx? + cx + d=0are a =73, f= 5
Find integer values for a, b, c and d.

7 The cubic equation 16x% — kx? + 1 = 0 has roots o, J and .

a Write down the values of of + 37 + yoand a . (2 marks)
b i Given that & = 3, find the roots of the equation. (5 marks)
ii Find the value of k. (1 mark)
8 The cubic equation 2x* — kx? + 30x = 13 = 0 has roots a, Fand 7.
a Write down the values of a3 + 3y + ~a and a3+, and express k in terms of
v, 3 and . (3 marks)
b Given that v = 2 — 3i, find the value of k. (4 marks)
9 The cubic equation x* — mx + n =0 has roots 1, =4 and a.
a State, with a reason, whether a is real. (1 mark)
b Find the values of m, n and a. (4 marks)
10 The cubic equation 2x* = 10x> + 8x — k =0 has a root at x = 3 - i.
a Find the other two roots of the equation. (4 marks)
b Hence find the value of k. (2 marks)

11 The cubic equation x* — 14x2 + 56x — 64 = 0 has roots o, ko and k% for some real constant .

Find the values of & and k.

12 Given that the roots of 8x% + 12x2 — cx + d =0 are o, % and a — 4, find &, c and d.

(5 marks)

(5 marks)

13 Given that the roots of the cubic equation 2x* + 48x2 + ¢x + d = 0 are a, 2« and 30, find the

values of o, ¢ and d.

(5 marks)
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Exercise C

1

«, (3, v and 4 are the roots of the quartic equation

dx* + 3x* + 2x? — 5x — 4 = 0. Without solving the equation, m I,
find the values of: = 3 T 5
A a+frytd b af +ay+ad+ Gy + 56+~ Bt o & el
_ x _ 1.1 1 1 adyd
c oy + add + ayd + 990 d U+E+¥+E
o, 3, v and § are the roots of the quartic equation 2x* + 4x* - 3x2 — x + 2 = 0. Find the values of:
a o+ F+v+4d b af+avy+ad+ v+ 36+ ~d ¢ oy + o + avd + G40
d oo e %+é+i+l

o, 3, v and & are the roots of the quartic equation x* + 3x* + 2x* - x + 4 = 0.
Find the values of:

aa+d+7+4 b af+ov+ad+ G+ 35+ 50 ¢ afy+afd +avyd + Gvd
d b e ol[Fal8

o, 3, ~v and & are the roots of the guartic equation 7x* + 6x° — 5x2 + 4x + 3= 0.

Find the values of:

aa+d+y+48 b ofd+ oy + ad + 3y + 35+ ~d ¢ afy+afd+avd + Gy '
-l_ ! I I 343,383

d +J+”J+fi e o P34

The roots of a quartic equation ax*+ bx* + cx? + dx+e=0are a = % 4= -g 4=-2andd= %

Find integer values for a, b, ¢, dand e.

. f ; 1 . 1 ,
The roots of a quartic equation ax*+ bx? + ex? + dx+e=0area=-35, §=35,7=1+1and
d =1 — 1. Find integer values for a, b, ¢, dand e.

; : 25
The roots of a quartic equation ax* + bx* + cx*+ dx + ¢ = 0 are such that Xa = 11, Zaf=-5,

Yafy= —% and a3y = —%, Find integer values for a, b, ¢, dand e.

8 The quartic equation x*— 16x* + 86x% — 176x + 105 = 0 has roots a, o + k, o + 2k and
@ + 3k for some real constant k. Solve the equation. (7 marks)
9 The quartic equation 3072x* — 2880x7 + 840x? — 90x + 3 = () has roots a, ro, r’a and ra for
some real constant r. Solve the equation. (7 marks)
10 Three of the roots of the quartic equation 40x* + 90x* — 115x° + mx +n=0are 1, =3 and %
a Find the fourth root. (2 marks)
b Find the values of m and n. (4 marks)
11 The quartic equation 2x* — 34x* + 202x? + dx + ¢ = 0D has roots o, @ + 1, 2a + 1 and 3o + 1.
a Find ao. (2 marks)
b Find the values of dand e. (4 marks)
12 The equation 4x* = 19x* + px? + gx + 10 =0, x € C, p, ¢ € R, has roots o, 3, -y and é.
Given that v =3 +1and d = +*,
a show that4n + 49+ 5=0and that4a7-1=0. (2 marks)
b Hence find all the roots of the quartic equation and find the values of p and ¢. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)
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13 A quartic equation 6x* — 10x* + 3x? + 6x — 40 = 0 has roots c, 3, v and 4.

a Show that I ;3[ is one root of the equation. (3 marks)
b Without solving the equation, find the other roots. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

Exercise D

1 A quadratic equation has roots « and 3. Given that a + J =4 and a4 = 3, find:
a Eli+l b o e o+ P d o’+ 7

B
2 A quadratic equation has roots « and 5. Given that o + 3= -% and af = %, find:
11 . |
a E+_§ b o3 ¢ al+ 3P d & +7
3 A quadratic equation has roots o and . Given that o + 3= % and o = —-;-, find:
a (a+2)7+2) b (a-H(F-4) ¢ (@*+1)(F+1)
4 A cubic equation has roots o, Fand v. Given that a+ S+ v=2, af + Sv+ya==-3 and a5y =4,
find:
a é+%+% b o+ F+42 e a’+ 3 +47 d (adP + (Fv)F + (vap

5 A cubic equation has roots o, 3 and +. Given that Za = % Yaf= —% and afy = % find:
a%+%+% b o+ 3+ 47 c at+ P+ d a?3s

6 A cubic equatmn has roots ¢, @ and ~. Given thata + 3+~ = j, af+ Ov+vya= and
afy = -5, find:
a (a+2)(F+2)(v+2) b (a-3)(5F-3)(r-3) ¢ (I=a)l-5)1-7)
d (afP +(57) + (va)? e (af)P+ (57 + (va)

7 A quartic equation has roots o, 3, v and é. Given that v + G+~ +4=3,
af+ay+ad+ 3y+ 30+ 48 =5, aly+afd + ayd + 3v6 = -4 and a3y = =2, find:

I 1 1 1

e o e e 24 34l §2 4 4
aﬁ+ﬁ+7‘+-§ b o+ F++42+46 ¢ ot

8 A quaruc equation has roots «. 3, v and 4. Given that o = 2, Yai= -i, Yafy= -% and
afvd =3 ﬁnd

] ] 1 ]- 4 ' ¥ = ¢
Bgtgtyty b o+ 7+ 42+ 4 ¢ alFie

d (afP + (397 + (ya)? + (700 + (ad)? + (55)?
e (afyP + (aF8) + (avyd)? + (Fvd)?
9 A quar nc equation has roots a, /4, 4 and 4. Given that o = : Taf= —_]1, Eady= 41 and
afyd = , , find:
a (a+ 13+ Diy+Dd+ 1D b 2-a)2-32-2=-48)

10 The roots of the equation x* — 6x* + 9x — 15 = 0 are «, [ and ~.
a Write down the values of o + 3 + ~, a3 + Fv + va and ad~. (1 mark)

b Hence find the values of:
1 1 l

L "5yt 3 +5 (2 marks)
i of+ P4+ (2 marks)
i (o — I_J(_Li‘ - l)h -1 (3 marks)
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11 The roots of the equation 2x* + 4x? + 7 = 0 are o [F and ~.

a Write down the values of a + 3+ 7, o + Fv + ye and iy, (1 mark)
b Hence find the values of’
i a2+ P+ (2 marks)
i al3y? (2 marks)
i (a+2)00+20~v+2) (3 marks)

12 Show that o + & + ¥’ = (a + B+ 49)° - (e + 3+ Y)(af + Gy + ya) + 3afy.

13 The roots of the equation 3x* — px + 11 =0 are a, 8 and ~.

a Given that aff + 3+ + v = 4, write down the value of p. (1 mark)
b Write down the values of & + 3+ v and a . (1 mark)
¢ Hence find the value of (3 — a)}(3 = )3 = ). (3 marks)
14 The roots of the equation x* + 2x2— x + 3 =0 are o, 3, v and 4.
a Write down the values of Sa, Lo, Ta/Fy and a4 (1 mark)
b Hence find the values of:
1 1 1 1
E+E+§+E (3 marks)
i o+ P+ + 5 (3 marks)
i (o+ 1A+ Dy + DG+ 1) (3 marks)
15 The roots of the equation ax*+ 3x + 2x2 + x =6 =0 are o, 3, ~ and 4.
a Given that o/dd = -3, write down the value of «. (1 mark)
b Write down the values of Y«, Y and Yady. (1 mark)
¢ Hence find the value of % 4 é + ’-l.« + % (3 marks)

16 Prove that if a quartic equation has roots . 3, v and § then o + 32 + 42 + §2 = (Xa)? = 2Xaj.

Exercise E

1 The cubic equation x* — 7x? + 6x + 5= 0 has roots e, J and .
Find equations with roots:

a (a+1),(F+1)and (y+1) b 2q, 23 and 2~

2 The cubic equation 3x* — 4x? — 5x + 1 =0 has roots o, F and .
Find equations with roots:

3

[

3 The cubic equation x* = 3x? + 4x = 7 = 0 has roots «, # and ~.
Without solving the equation, find the equation with roots (2ee + 1), (23 + 1) and (2 + 1).
Give your answer in the form aw® + bw? + ew + d = 0 where a, b, ¢ and d are integers Lo be
determined. (5 marks)

a (a-3),(3-3)and (v 3) b % andg

4 The cubic equation x* + 4x? — 4x + 2 = 0 has roots e, F and ~.
Without solving the equation, find the equation with roots (20 — 1), (25 - 1) and (2 - 1).
Give your answer in the form w® + pw® + gw + r = 0 where p, g and r are integers
to be found. (5 marks)

5 The cubic equation 3x* = x> + 2x — 5 =0 has roots a, F and ~.
Without solving the equation, find the equation with roots (3¢ + 1), (3/7 + 1) and 3y + 1).
Give your answer in the form aw® + bw? + cw + d = U where a, b, c and d are integers to be
determined. (5 marks)
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6 The quartic equation 2x* + 4x* — 5x + 2x — 1 =0 has roots «, 3, v and 4. Find equations with
integer coefficients that have roots:

a 3,33 3vand 35 b (o-1L(d=1).(v=1)and(d-1)

7 The quartic equation x* + 2x? — 3x% + 4x + 5 = 0 has roots a, 3, 7 and 4.
Without solving the equation, find equations with integer coefficients that have roots:

a 2a, 23, 2vand 25 (6 marks)
b (ev=2),(7F-2)(v—2)and (6 - 2) (6 marks)

8 The quartic equation 3x* + 5x% - 4x* - 3x + 1 = 0 has roots a, 3, v and é.
Without solving the equation, find equations with integer coefficients that have roots:

a 3Ja, 303, 3yand 38 (6 marks)
b (@x+ 1), (F+1),(y+1)and (5 + 1) (6 marks)
Exercise F

. . 2 3
1 The roots of a quartic equation ax* + bx* + ex2 +dx +e=0are v = “;*, f=-5y=—<andf=-

Find integer values fora, b, ¢, dand e

1
2

2 The cubic equation x* + px* + 37x — 52 = () has roots «, /4 and ~.
a Write down the values of a5 + v + v and a3, and express p in terms of o, 3 and ~. (3 marks)

b Given that o = 3 — 2i, find the value of p. (4 marks)
3 The cubic equation 2x% + 5x = 2x +g=0hasarootat x = -2 +1i.

a Find the other two roots of the equation. ' (4 marks)

b Hence find the value of g. (2 marks)

4 The quartic equation x* = 40x7 + 510x? — 2200x + 1729 = 0 has roots o, « + 2k, oo + 4k and
«v + 6k for some real constant k. Solve the equation. (7 marks)

5 Three of the roots of the quartic equation 24x* — 58x% + 17x2 + dx + ¢ = 0 are % —lg and 2.
a Find the fourth root. (2 marks)
b Find the values of d and e. (4 marks)

6 The equation x* + 2x* + mx?> + nx + 85 =0, x € C, m, n € R, has roots a, 8. v and 4.
Given that ¢ = =2 + i and 7 = a*,

a show thaty+d-2=0and that~-17=0. (2 marks)
b Hence find all the roots of the quartic equation and find the values of m and n. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)

7 A quartic equation 4x* — 16x° + 115x2 + 4x — 29 = 0 has roots «, /3, ¥ and 4.

a Show that 2 — 51 is one root of the equation. (3 marks)
b Without solving the equation, find the other roots. (5 marks)
¢ Show these roots on an Argand diagram. (3 marks)
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8 The roots of the equation 2x* = 5x* + 1lx -9 =0are a, Fand .

a Write down the values of a + 3+, a3 + 3+ + va and aF. (1 mark)
b Hence find the values of:
i %+l+l (2 marks)
87
i oa?+ Pt (2 marks)
iii (a—1(F-1Dv=-1) (3 marks)
9 The roots of the equation px* + 12x% + 6x* + 5x — 7 =0 are o, 3, v and 4.
a Given that o = -1, write down the value of p. (1 mark)
b Write down the values of Yo, Yo /d and Yeady. (1 mark)
¢ Hence find the value of o + 3% + ~2 + 42, (3 marks)

10 The roots of the equation 5x° + ¢x + 21 = 0 are e, Fand ~.

a Given that a3 + 3y + e = —6, write down the value of c. (1 mark)
b Write down values for o + 3 + ~ and a3, (1 mark)
¢ Hence find the value of (1 — a)(1 — )1 —~). (3 marks)

11 The cubic equation 2x3 + 5x2 + 7x = 2 = 0 has roots «, 3 and .
Without solving the equation, find the equation with roots (3o + 1), (37 + 1) and (3 + 1).
Give your answer in the form pw? + gw? + rw + 5 = 0 where p, ¢, r and s are integers
to be found. {5 marks)

12 The quartic equation 6x* — 2x% — 5x2 + 7x + 8 = 0 has roots o, 3, v and 4.
Without solving the equation, find equations with integer coefficients that have roots:

a 2a, 24, 2~vand 24 _ (6 marks)
b (3a-2),(353-2),(3y-2)and (34 - 2) (6 marks)
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