Pure Mathematics

Integration (Year 13)

Date: .oeuveeveniiennnnne.

Exercise A

.1 Integrate the following with respect to x.
3 i o
a 3sec’x+—+—
x af
¢ 2(sinx—cosx + x)

5
e S+ 4cosx—~—3

X xe o

i 2cosecxcotx—secy

2 Find the following integrals.

i f(co:’ X * &) o

" f(l -H,o_§\ l:-.\'

+
sin’x

e fsin x(1 +sec’x)dx

-

) dx

g f cosec? x(1 + tan’ x)dx

i fseczx(l + e'cos’x)dx

b Se* —4sinx+ 2y}
o)
d hecxtan\—_:.
1

f 5-+2cosec’x
X

h

e' +5SINX+Cosy

j &+ ’l-.—cosec x

b f( b:sn +7e‘)d\

d f(sh::_\f%) dx

f f cosx(1 + cosec’ x)dx

h f sec2 x(1 — cot? x) dx

S | +sinx > \
§ |y e+ costxsecx)dx

COSs~ X

3 Evaluate the following. Give your answers as exact values.

.
a ﬁ 2e¥dx

c f;-s sin x dx

d f .secx(secx + tan x)dx

Q@XED when appying

limits to integrated trigonometric

x—1

4 Given that « is a positive constant and L 303——;— dx=6+ ln(%’
find the exact value of a.

= . Sun Ina
5 Given that a is a positive constant and j;nl e'+e¥dy = ﬁ find the exact value of a.

6 Given [/ (3e* + 6e->) dx = 0, find the value of b.

7 f(x)= -,l;\' - % x>0
a Solve the equation f{x) = 0.
b Find [f(x)dx.

functions, always work in radians.

(4 marks)

(4 marks)

(4 marks)

(2 marks)
(2 marks)

¢ Evaluate fl dI'(x)d.\'. giving your answer in the form p + ¢gInr. where p, ¢ and r are

rational numbers.

- (3 marks)
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Exercise B

1 Integrate the following:

a sinQx+1) . b 3¢

g 4ert? d cos(l-2x)

e cosec? 3y f sec4xtandx

g 3sin(3x+1) h sec?(2 - x) i _cosec2xcot2x j cos3x—sin3x

2 Find the following integrals.
a f(el‘—%sin(l\'- 1))dx b f(e‘+ 1P dx

J~3 —2cos %x

¢ [sec?2x(1 +sin2x)dx i

» sin?x
e f(e “*4sin(3 - x)+cos(3 —x))dx

3 Integrate the following:

l l v 2 3
T (\+l)- R d4_\'-1
3 3 )5 3
. X 2 3 h e
= o T By (1-2x)
4 Find the following integrals.
i e s ;
f(%sm( r+l)+l‘ I)d.\ b _‘(es- +(1 = x)%)dx
1 1 1 | E
- ~ 7 2 AR RSy
¢ f(sinlzx Tex T+ l\')l) - d f((h e (Bx+ 2)’) d
i
5 Evaluate: . |
a f cos(m - 2x)dx b f ”_,) dx c f, seci7 — 3x)dx d f27-2_\-dY
6 Given [, (2x - 6)*dx = 36, find the value of b. (4 marks).
7 Given [“-Ldx =" find the value of k (4 marks)
o : mnrk%

8 Given [*(1 - = sinkx) dx = 7(7- 6/2),
find the exact value of . (7 marks)
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Exercise C

1 Use the substitutions given to find:

L | + sin. ”
a fxvl+xdx:u=l+.\- b —cogrvdxumsmx
¢ f sin® x dx; u = cosx d -_—2—d.\': u=vVx
vx(x—-4)
¢ f secixtanxyl +tanxdx; il =1+ tanx f f sec* xdx: w=tanx
2 Use the substitutions given to find the exact values of:
. HICOR e B :
a fox»’x+4dx;u=.\'+4 b fox(2+x)3d.\‘;u=2+x
¢ fo *sin xv3cosx + | dx: u = cos x
3 A 4 1 =0
d | secxtanxysecx+2dx;u=sccx e g g = VX
)i J Vx(dx - 1) '
3 By choosing a suitable substitution, find:
X \':.\'2 +4
a [x(3+ 2x)°dx b dx e —=—dx
Jx e == 5
4 By choosing a suitable substitution, find the exact values of:
¥ e int 3 1 3 sin20
3 - iy ——
a [[x/IFxdx b [ W e
5 Using the substitution «* = 4x + 1, or otherwise. find the exact value of L . .48'1 : dx. (8 marks)
d Vax

X

. . 4 In a
6  Usc the substitution #* = * = 2 to show that | oy dy= p+e Ind, where a. b, ¢

and d are integers to be found. (7 marks)

7 Prove that - j

T dx = arccos x + . (5 marks)
V1 —x2

8 Use the substitution u = ¢os x to show @ Use Skt BrlgnOmEic Yallee 1o

_L ‘sipix cos?xdx = _‘% (7 marks) change the limits in x to limits in w.
9 Using a suitable trigonometric substitution for x, find f; AT = x2dx. (8 marks)
Exercise D

1 Integrate the following functions.

= £ B8 -
P+4 e+ 1 (2 + 4)°
=R cos 2x sin 2
e+ 1) ¢ I4sin2x (3 + cos 2x)*
g xe© h cos2x(l + sin2x)* i sec’xtan’x j secix(l +tanx)
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2 Find the following integrals.
a f(.\‘ + )X + 2x 4+ 3)*dx
¢ f sin® 3x cds 3xdx

dx

¢ fe1‘+3
g f(2r+ IWa?+ x+5dx

; f SIN X COS X
veos 2y + 3

3 Find the exact value of each of the following:
a f:(&x2 + 10XV x3 + 5x2 + 9 dx
7
¢ e

4 Given that f' ’kkxzc“d.\' =3(e* - 1), find the value of

dx

i S [
5 Given that fu 4sin2xcos*2xdx =3 where0 <6 <,

s Cos X
6 a By writingcotx = g find |cot xdx.

b Show that f tan xdx = Infsec x| + c.

i3

b [cosec’2xcot2xdx

d |cosxesnrdy

f f a2+ 1) dx

hf 2x + 1

‘=d_“
Vx24 x+5

Sin X COs X
cos2x +3

6:|n3\
b f 1-cos3x -cos'h

d L seciyetlanvydy

k. (3 marks)
find the exact value of 6.

(2 marks)

(3 marks)

Exercise E

1 Find the following integrals.

a f.\'sin xdx b f.\'e" dx c fx sect xdx
X =
d fxsecxtanxdr e fsinzxd'\
2 Find the following integrals.
Inx
a [3lnxdx Y R

d f(ln.\‘):d.l' e J-(.\'2 + 1)Inxdx
3 Find the following integrals.

a [Verdx b [Ycosxdr ¢ [12¢3 +2x)dx

4 Evaluate the following:
a _L 2 e dx b j; xsinxdx

e f0|4x(l+xr‘¢r f _’::xcos%xd.\'

¢ L:.\- cos xdx

d fl*@sin.‘!xdr ¢ fz,\-lsccl.\'tan,\'d\'

Inx

dflz‘_,d

g L "sinxIn (sec x)dx

5 a Use integration by parts to find f xcosdxdx. (3 marks)
b Use your answer to part a to find f X’ sin4xdx. (3 marks)
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6 a Find f B=xdx: (2 marks)

b Using integration by parts, or otherwise, show that

f(.\'— 2)V8—xdx= —%(8—.\')51.\:+2D+c : (6 marks)
¢ Hence find L 7(.\' - 28— xdy. (2 marks)
7 a Find [sec3xdx. (3 marks)
b Using integration by parts, or otherwise, find [ xsec? 3xdx. (6 marks)
¢ Hence show that L'xsecz 3xdx = px — ¢In 3, finding the exact values of the
constantspand ¢. (4 marks)
Exercise F

1 Use partial fractions to integrate the following:
z 3x+35 3x-1 & 2x -6 d 3
(x+ 1)x+2) 2x + 1Xx-2) (x+3)x-1) (2+x)1-x)

2 Find the following integrals.

f2(.\'2+3.\‘—|) f3-3+2_\'3+2d cf X d f.l'2+.l‘+2

(x+1)2x-1) ’ x(x+1) x2_4dx 3-2x—x2
. e |
3 )= Ex+)1-20"""%2
a Given that f{x) = ,‘_'1 T+ _B,,I_. find the value of the constants A and B. (3 marks)
b Hence find f f{x) dx, writing your answer as a single logarithm. (4 marks)

¢ Find fl “f(x)dx. giving your answer in the form Ink where k is a rational constant. (2 marks)

17 - 5x 3
REORC. . (Vs . SOOI 2
4 f(x)-(3+l\’)(2—-x)3' 5 o
a Express [(x) in partial [ractions. (4 marks)
' 17~-5x G proaue e
b Hence find the exact value of J; 3200 — P dx, writing your answer in the form
a + Inh, where @ and b are constants to be found. (5 marks)
9xi+4 2
5 f(x)= oxi_a " *%3
B C

a Giventhatfix)=A4 + 5- find the values of the constants 4. Band C. (4 marks)

+
3x-2 3x+2

b Hence find the exact value of Problem-solving

oy

1 Qy2 * it
f: ;x: + : d.x, writing your answer in the Simplify the integral as much as possible before
i substituting your limits. a
form a + b Inc, where @, b and ¢ are 3
rational numbers to be found. (5 marks)
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6+ 3xv—

6 flx)= T v>0
a Express f(x) in partial fractions. (4 marks)
b Hence find the exact value of f i f}—\-——‘—- dx, writing your answer in the form a + Inb,
where a and b are rational numbers to be found. (5 marks)
 32x7+4 Sk B 3 e
(4\+I)(4\-—1) 4xy+1 4x-1
a Find the value of the constants A, Band C. (4 marks)
32x2+4
b Hence find the exact value of f Tcw IV = d x writing your answer in the form
2 + k Inm , giving the values of the rational constams k and m. (5 marks)
Exercise G
1 Integrate the following:
a cot’x b cos’x
¢ sin l\'cos?.t ' d (1 +sinx)*
e tan’3x f (cotx - cosecx)’
g (sinx + cosx)* h sin®xcos’x i % i (cos2x—-1)
sin? xcos’ x
2 Find the following integrals.
- o 290
f] s;n\ i b l+cosxd\ c cos:..\
cos?> sin® x cos’x
LD (1 + cosx)’
'. "?s., X dv e | ———=dx f { (cot x — lan x)* dx
J sin’x sin’ x .
o
g f(cos.\' —sinx) dx h f(cos.\' —sec x)dx i f% X
2+m
3 Show that j: sin“xdxy = g ‘ (4 marks)

4 Find the exact value of each of the following:

a f-—l dx b f:%(sin.\'-cosecx)’d\' ¢ f————(l+bm‘)-d\‘ df sm2\‘

: sin’ xcos’ x 0 cosix | —sin?2 \
5 a By expanding sin (3x + 2x) and sin (3x - 2x) using the double-angle formulae,
or otherwise, show that sin 5x + sin v = 2sin 3xcos 2x. (4 marks)
b Hence find [sin 3xcos 2xdx (3 marks)
6 f(x)=35sin’x+ Tcos’ x )
a Show that f(x) = cos 2x + 6. : (3 marks)
b Hence, find the exact value of L‘f( x)dx. (4 marks)
7 a Show that cosy = %cos 4x + %cos 2x + % (4 marks)
b Hence find [cos* xdx. (4 marks)
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Exercise H

1 Find the area of the finite region R bounded by the curve with equation y = {{x). the x-axis and
the linesx=gand x = h.

3

e fix)=xV4-x%:a=0,h=2

a f(x)= ca=0,b=1 b flx)=secx;a=0,b= ¢ fix)=lnx;a=1,h=2

1+x
d fix)=secxtanx;a=0,h=

’

N

2 Find the exact arca of the finite region bounded by the curve y = f{x), the x-axis and the lines
x =aand x = b where:

e Ml i - e s =9
a f('\)—(.\'+2)(2x+ l),a-O,h-é b f(x)-(x+ I)2,0---0,1)-.
¢ f(..\')=.\'sin.\';a=0.b=§ d f(.\')=cos.\'»'2sin.\'+l;a=0,b=%

e f(x)=x¢*a=0,b=In2

{3 The diaéram shows a sketch of the curve with equation, y = f(x).
4x +3 )

(x+2)2x-1) >

Find the area of the shaded region bounded by the curve,

the x-axis and the lines x =1 and x =2, (7 marks)

where f(x) = > %

¥
4 The diagram shows a sketch of the curve with equation y = f(x), |
where f(x) =% + lr x>0,
Find the area of the shaded region bounded by the curve, the
x-axisand thelinesx=2and x=4. (7 marks)

IS The diagram shows a sketch of the curve with equation
¥ = g(x), where g(x) = xsin x. ¥4 y=glx)

a Write down the coordinates of points

A, Band C.
! : ﬂa q
b Find the area of the shaded region. :

CEEXED Find the area of each region — | i

separately and then add the answers. Remember
areas cannot be negative, so take the absolute
value of any negative area.

)
-y
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6 The diagram shows a sketch of the curve with equation y = x*Inx. ~ »a
The shaded region is bounded by the curve. the x-axis and y=xInx
the line x = 2.

a Use integration by parts (o find [¥*In xdx. (3 marks)
b Hence find the exact area of the shaded region. giving your

answer in the form %(a In2+b), whereaand b
are integers. (5 marks)

7 The diagram shows a sketch of the curve with equation y = 3cosxvsinx + 1.

a Find the coordinates of the points 4, B. Cand D. (3 marks) y
: s v=3cosxVsinx + 1
b Use a suitable substitution to find
f Jcosxyvsinx + 1 dx (5 marks)

¢ Show that the regions R, and R, have the same area.
and find the exact value of this area in the form
va , where a is a positive integer to be found. (3 marks)

8 f{x)=1x7and g(x) =3x -7
a On the same axes, sketch the graphs of y = f(x) and y = g(x), and find the coordinates of any
points of intersection of the two curves.

b Find the area of the finite region bounded by the two curves.
9 The diagram shows a sketch of part of the curves with equations y =2cosx+ 2and y =-2cosx + 4.

a Find the coordinates of the points ¥
A.Band C. (2 marks)

b Find the area of region R, in the form

yw =2cosx+4

a3 + l?— where a, b and ¢ are integers
to be found. (4 marks)

¢ Show that the ra_lio of R,: R, can be ol
expressed as (3v3 + 27): (33 - 7). (5 marks)

y=2cosx+2

10 The diagrams show the curves y=sinf. 0 =6 = 2xand y=sin20,0 = 6 = 2. :
By choosing suitable limits, show that the total shaded area in the first diagram is equal to the
total shaded arca in the second diagram. and state the exact value of this shaded area.
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11 The diagram shows parts of the graphs of y = sinx and y = cos x.

a Find the coordinates of point A.
b Find the areas of: I

y=sinx

i R ii R, iii R,
¢ Show that the ratio of areas R, : R, can be >
written asv2:2. 0 % x X

12 The curve C has parametric equations x = 73, y = 72, 7 = (. Show that the exact area of the
region bounded by the curve, the x-axis and the lines y=0and x=4isk V2 . where kis a
rational constant to be found.

13 The curve C has parametric equations

x=siny=sin20=1=3

The finite region R is bounded by the curve and the x-axis.
Find the exact area of R. (6 marks)

14 This graph shows part of the curve C with
parametric equations x = (1 + 12, y= :{13 +3,1=-1

Ly

P is the point on the curve where £ = 2.
The line S is the normal to Cat P.

a Find an equation of S. (5 marks)
The shaded region R is bounded by C, S, the x-axis
and the line with equation x = 1.

b Using integration, find the area of R. (5 marks)
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