Pure Mathematics Worksheet

Trigonometry (Year 13)

Exercise A

1 Rewrite the following as powers of sec 6, cosec 6 or cot 0:

~y 1 roa 4 1 1—sin6
a /- 3 b Ie—%a C 5 S
sin” 6 \ tan® @ 2cos* sin- 6
sec f , 2 cosec? ftan? ¢
e f Vcosec’ fcotfsecd g§ ——— T
cos* Vtan 0 cos

2 Write down the value(s) of cotx in each of the following equations:

N sinX  cosx
_ a Ssinx=4cosx b tanx = -2 c 3 =—
: cosx sinx

3 Using the definitions of sec, cosec, cot and tan simplify the following expressions:

Ca ’sin fcot @ b tan fcot ¢
(¢, tan 26 cosec 20 (d cos @sin 6 (cot 6+ tan )
~“@ sin®x cosec x + cos®x sec x f sec A —sec Asin?A

g sec?x cos® x + cotx cosec x sin'x

4 Show that

¢ aﬁ'cos f+ sin ftan A= sec @ b cot 6+ tan 0 = cosec #sec 6
€ cosec § — sin = cos @ cot # d (1 - cosx)(1 + secx)=sinxtanx
cosX 1 —sinx cos sin 0
: 5 + = =2secx =
1 —sinx CosX 1+cotf 1+tané

5 Solve, for values of 6 in the interval 0 < 6= 360°, the following equations. Give your
answers to 3 significant figures where necessary.

a secf=\2 b cosec = -3 ¢ Scotf=-2 d cosecf=2
e 3sec’f—4=0 f Scosf=3cotd g cot?0—-8tan =0 h 2sin = cosec

6 Solve, for values of @ in the interval —180° = # = 180°, the following equations:

a cosecf=1 b sec= -3

¢ cotf=3.45 d 2cosec? @ — 3 cosec =0
e sec=2cost f 3cotd=2sin6

g cosec20=4 h2cot?’f—cotd—5=0

7 Solve the following equations for values of # in the interval 0 < = 27. Give your answers in

terms of .
a sech=—1 5T b cotd=—V3 5

\ — (] 2 )
C cosec%():T dsec0=\'2tan0(0¢~;,0¢7ﬂ)
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Exercise B

Give answers to 3 significant figures where necessary.

1 Simplify each of the following expressions:

a 1+tan?30 b (sec 6 — 1)(sec 6+ 1) ¢ tan? #(cosec® 6 — 1)

d (sec?@—1)cotfh e (cosec? #— cot* f)* f 2—tan?#+ sec’f
tan @sec 6 cosec dcot #
e h —sin? @)(1 + tan® @ i o e

& T +tan?e o G=stna)k ) ' i cotze

j (sectf— 2sec” tan® 0 + tan* 0) K 4 cosec? 26 + 4 cosec? 26 cot* 26

2 Given that cosecx = - where k > 1, find, in terms of k, possible values of cotx.

COSECX
3 Given that cot 8= —V3, and that 90° < # < 180°, find the exact value of
a sin#d b cosd

4 Given that tan # =3, and that 180° < 8< 270° find the exact value of
a sech b cos ¥ c sin#

§ Given that cos i = % and that @ is a reflex angle, find the exact value of
a tan#d b cosec @

6 Prove the following identities:

a sect @ — tan* #=sec® 0 + tan® 0 b cosecix — sin?x = cot®x + cos?x

c sectA(cot?A — cos?A) =cot’A d 1 - cos?f=(secZ #— 1)(1 —sin? 6)
1-tan%A
—— =1-2sin*A f sec® § + cosec? #=sec? fcosec?
1+tan?A

g cosec A sec? A = cosec A + tan A sec A h (sec # — sin #)(sec @ + sin #) = tan? § + cos” #

7 Given that 3tan? 0+ 4 sec? 6= 5, and that @ is obtuse, find the exact value of sin f.

8 Solve the following equations in the given intervals:
a sec?fi=3tand, 0= o= 300°
b tan’6—2secd+1=0, —w=0=7
c cosec?d +1=3cotd, —180°= 0= 180°
d cotd=1—-cosec’d, 0=0=<2w
e 3secif=2tan23f, 0= 0=<360°
f (secOd—cosfP=tanf—sin6, 0=0=<q
g tan?20=sec26—1,0=0=<180°
hsec?9—(1+V3)tan#+V3=1,0=0<27
9 Given that tan’ k = 2 seck,
a find the value of seck
b deduce that cosk =2 — 1

¢ hence solve, in the interval 0 = k = 360°, tan®k = 2 seck, giving your answers to
1 decimal place.

10 Given that @ =4secx, b= cosx and ¢ = cotx,
a express b in terms of a
16

b show that ¢ = 18
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11 Given that x = sec 6 + tan 6,

1
a show that ; = sec # — tan 6.

b Hence express x* + —1; + 2 in terms of 6, in its simplest form.
x2

_ =1
12 Given that 2 sec? ¢ — tan® 6 = p show that cosec” 6 = P2 p#2.

Exercise C

1 A student makes the mistake of thinking that A%
; ; i This is a very common
Sin(A + B) =sin A + sin B. error — don’t make the
Choose non-zero values of A and B to show that this statement same mistake. One

is not true for all values of A and B. counterexample is
sufficient to disprove a
statement.

2 Using the expansion of cos(A — B) with A = B = 6, show that sin% § + cos2 = 1.

T

3 a Use the expansion of sin(A — B) to show that sin( > 0) = Cos 6.

b Use the expansion of cos(4 — B) to show that cos(g = 0) = sin 6.

4 Express the following as a single sine, cosine or tangent:
.. @& sin 15° cos 20° + cos 15° sin 20° b sin 58° cos 23° — cos 58° sin 23°

tan 76° — tan 45°

]\ o " 3 O o3 ©
¢ c0s 130° cos 80° — sin 130° sin 80 1+ tan 76° tan 45°

e cos260cosf+ sin26sin 6 f cos46cos 30— sin46sin 36

tan 260 + tan 36

P | 1 1 . |
sin ;6 cos 256 + cos ;0sin 250
§ sinz ¥ 3 < 1 —tan26tan 36

i sin(A + B) cos B — cos(A + B) sin B

j cos(“; Zy)cos(3x ; Zy) . sin(gx ; 2‘}’)sin(g}x ; Zy)

5 Calculate, without using your calculator, the exact value of:

a sin 30° cos 60° + cos 30° sin 60° b cos 110° cos 20°.+ sin 110° sin 20°
€ §in33%cos 27° + cos 33°sin 27° d <:osE msE — sin— sin—
8 '8 88
e sin 60°cos 15° — cos 60° sin 15° f cos 70°(cos 50° — tan 70° sin 50°)
tan 45° + tan 15° 1—-tan 15°
1 —tan45°tan 15° 1+tan15° Hint: tan 45° = 1.

tan (E) — tan(E)
12 3
1+ tan(k) tan(E)
12 3

6 ‘Triangle ABC is such that AB = 3 cm, BC = 4 cm, 2 ABC = 120° and ZBAC = ¢,
a Write down, in terms of 6, an expression for ~ZACH,

j V3cos15° —sin15° Hint: Look at e.

: 2V3
b Using the sine rule, or otherwise, show that tan #° = T3 :
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" 7 Prove the identities
Cos A B sin A _ Cos(A + B)
sinB  cosB sinBcosB

a sin(A + 60°) + sin(A — 60°) =sin A

in(x + . +y
C MEtan.ac+tany dL,OL,})Jrlscotxcoty
COSX COSY sinxsiny
b — T cotAcotB -1
+ =]+ V3sin 0=si + = +B)=——
e cos(ﬂ 3) V3sin ¢ sm(e 6) f cot(A ) ~otA Looih
g sin?(45 + 0)° + sin%(45 — 0)° = h cos(A + B) cos(A — B) = cos? A - sin?B
8 Given that sinA =1 and sinB = ; where A and B are both acute angles, calculate the exact
values of
a sin(A + B) b cos(A — B) ¢ sec(A - B)
9 Given that cosA = —%, and A is an obtuse angle measured in radians, find the exact value of
a sinA b cos(w+ A) C sin(g + A) d tan(-} + A)
10 Given that sin A = {5, where A is acute, and cos B = 3, where B is obtuse, calculate the exact
value of
a sin(A — B) b cos(A —B) ¢ cot(A —B)
11 Given that tan A = 57,;, where A is reflex, and sinB = 1‘%, where B is obtuse, calculate the exact
value of .
a sin(A + B) b tan(A — B) ¢ cosec(A + B)
12 Write the following as a single trigonometric function, assuming that 6 is measured in radians:
. 1+tan 6 1 ‘
a cos’f—sin’# b 2sin46cos 46 c —— d —(sin 6+ cos )
i 1—tan 6 V2

13 Solve, in the interval 0° = 6 < 360°, the following equations. Give answers to the nearest

0.1°,
a- 3 cos A= 2sin(f + 60°) b sin(@+30°) + 2sind=0 Hint for part f: Multiply
¢ cos(f+ 25° + sin(6+ 65°) = 1 d cos 0= cos(f + 60°) each term by _71_
\
e tan(f—45°)=6tan g f sinf+cosf=1 2

14 a Solve the equation cos icos 30° — sin #sin 30° = (.5, for 0 = 8= 360°.
b Hence write down, in the same interval, the solutions of V3 cos 8 — sin = 1.

15 a Express tan(45 + 30)° in terms of tan 45° and tan 30°,
b Hence show that tan 75° = 2 + V3.
16 Show that sec 105° = —V2(1 + V3)
17 Calculate the exact values of
° 7 ° Hint for part a: Write 15°
a cos15 b sin75 as (45 — 30°
c sin(120 + 45)° d tan 165°

18 a Given that 3sin(x —y) — sin(x +y) = 0, show that tanx = 2 tany.
b Solve 3sin(x — 45°) — sin(x + 45°) =0, for 0 = 0= 360°.

19 Given that sinx(cosy + 2siny) = cosx(2 cosy — siny), find the value of tan(x + y).

20 Given that tan(x —y) = 3, express tany in terms of tanx.
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21 In each of the following, calculate the exact value of tanx®.
a tan(x — 45)° =}
b sin(x — 60)° = 3 cos(x + 30)°
¢ tan(x — 60)° =

22 Given that tan A° = ! and tan B° = , calculate, without using your calculator, the value of
A+ B,

a where A and B are both acute,
b where A is reflex and B is acute.

23 Given that cos y = sin(x +y), show that tany = secx — tanx.
24 Given that cot A = and cot(4 + B) = 2, find the value of cot B.

25 Given that tan(x + ;) =3, show that tanx =8 — 5V3.

Exercise D

In equations, give answers to 1 decimal place where appropriate.

1 Write the following expressions as a single trigonometric ratio:

a 2sin 10° cos 10° b 1 - 2sin?25°
¢ cos?40° — sin? 40° _SEnS
1 — tan?5°
1
' f 6cos230°-3
2 sin(243)° cos(241)°
sin 8° T w
L e B
8 ocw h cos TRET:

2 Without using vour calculator find the exact values of:

a 2sin(223)° cos(225)° b 2cos?15°— 1 ¢ (sin75°—cos75°° d 2tan%
1-— tan21—T
8

3 Write the following in their simplest form, involving only one trigonometric function:

f
2 tanE
a cos? 36— sin® 39 b 6sin2#cos 26 C ——
1 — tan?—
i} - i 2
d?2- 451113—2- e V1 +cos2d £ sin? #cos? o
tan @

g 4sinfcos fcos 26 i sin*#— 2sin® #cos® § + cos* 0

sec’@—2
4 Given that cosx = j, find the exact value of cos 2x.

5 Find the possible values of sin 8 when cos 26 = 3.

6 Given that cosx + sinx = m and cosx — sinx = n, where m and n are constants, write down,
in terms of m and », the value of cos 2x.

NB Tutors Ltd, Unit 79, Capital Business Centre, 22 Carlton Road, South Croydon, CR2 0BS -5-



7 Given that tan # =3, and that 6 is acute:
a Find the exact value of i tan 20 ii sin 20 iii cos 26
b Deduce the value of sin 46.

8 Given that cosA = —%, and that A is obtuse:
a Find the exact value of i cos2A ii sinA iii cosec 2A
42 ‘

b Show that tan 24 = —

0
9 Given that 7< 0 < %, find the value of tanE when tan 6= 1.

10 In AABC, AB=4cm, AC=5cm, LABC = 20 and ZACB = 6. Find the value of 6, giving your
answer, in degrees, to 1 decimal place.

11 In APQR, PQ=3cm, PR=6cm, QR =5cm and ZQPR = 26.
a Use the cosine rule to show that cos 26 = 3.
b Hence find the exact value of sin 6.

12 The line [, with equation y = 1x, bisects the angle between the x-axis and the line y = mx,
m = 0. Given that the scales on each axis are the same, and that / makes an angle ¢ with the
X-axis,
a write down the value of tan 6.
b Show that m =%,

Exercise E

In equations, give answers to 1 decimal place where appropriate.

1 Prove the following identities:

cos 2A sinB  cosB
P T Ty A—si — = 3 oy
A A oS A SnA  cosA = 2cosec2Asin(B — A)
1-cos26 sec’ ¢
sin2g " T tang T

sin 36 ~ cos 36 -

e 2(sin’ #cos # + cos® fsin 6) = sin 26 -
sin 6 cos 6

sec0—l= 22

cosec0;2cot 26cos = 2sin 0 =
g sec+ 1 - 2

< (1r ) 1 - sin2x
itan|l——x)|=—
4 cos 2x

2 a Show that tan 6 + cot # = 2 cosec 26.
b Hence find the value of tan 75° + cot 75°.
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3 Solve the following equations, in the interval shown in brackets:
a sin280=sinf [0=60=2q
b cos28=1-cosf [—180°< 0= 180°

c 3cos26=2cos’f [0=6<360°
d sind6=cos20 {0=0=
e 2tan2ytany=3 (0=<y<360°

7]
f 3c050—sin§—1 =0 {0=0<720°%

g cos’0—sin20=sin’0 [0=60= 7

h 2sinf=sect [|0=<60=<2mu}

i 2sin20=3tanf (0= 6<360°%

j 2tang=1V3(1 —tan 6)(1 +tan 6) {0 =< 6<2a7]
K.5sin20+ 4sinf=0 {—180° < #=180°)

1 sin?60=2sin26 {—180° < 8= 180°
m4tand =tan 260 (0= 6<360°

4 Given that p =2 cosf and g = cos 26, express q in terms of p.

5 Eliminate 6 from the following pairs of equations:
ax=costfy=1-cos2f bx=tan6,y='cot20
¢ x=sinf, y =sin 260 dx=3cos26+1,y=2sinf

6 a Prove that-(cos26 — sin 26)> =1 — sin 46.

. 1
b Use the result to solve, for 0 < # < 7, the equation cos 26 — sin 26 = ok
Give your answers in terms of .

7 a Show that:

f ¢}

— 1—tan?—

Ztan2 - a )
isinBE——o ii cosb=—"4
2 1+ tan?—

1+ tan > 2

0
b By writing the following equations as quadratics in tan 7 solve, in the interval
0=6=360%
isinf+2cosf=1 ii 3cosf—4sinf=2

. - Vo5 Ty e AR in2 .
8 a Using cos2A =2cos’A — 1=1—2sin*A, show that: These are khawa

x 1+cosx . .X 1-—cosx as the half angle
i cos?—= — = il sin?—= e formulae.
E 2 (They are useful in
b Given that cos 8 = 0.6, and that 6 is acute, write down the values of:  integration.)
i cosg ii sinﬁ iii t:m2
2 TR 2

A
¢ Show that cm‘*z =43+ 4cos A + cos 2A)
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9 a Show that 3 cos’x —sinx =1+ 2 cos Zx.
b Hence sketch, for —7=x = , the graph of y = 3 cos®*x — sin®x, showing the coordinates
of points where the curve meets the axes,
f L0
10 a Express 2 coszz — 4sin? in the form a cos ¢ + b, where a and b are constants.
] . o 0 . ;
b Hence solve 2 C{JSZE - 4sm25 = —3, in the interval 0 < § < 360°.
11 a Use the identity sin* A + cos* A = 1 to show that sin* A + cos*A = 32 — sin? 24).
b Deduce that sin* A + cos* A = (3 + cos 44).
¢ Hence solve 8sin* 6+ 8cost 6= 7, for 0 <6< .
12 a By expanding cos(2A + A) show that cos 34 =4 cos* A — 3 cos A.
b Hence solve 8cos* 8 —6¢cos—1=0, for (0= 0= 360°.
; 3tand — tan® 6
13 a Show that tan 36 = A —Fanth Hint: Use formulae for
: sin 34 and cos 36. See
b Given that 6 is acute such that cos 6 =}, show that El:ampl: 13 and question
R 10v2 12 above.
- 3
Exercise F

Give all angles to the nearest (0.1° and non-exact values of R in surd form.

1

2
3
4

Given that Ssin 8+ 12 cos 6= Rsin(# + o), find the value of R, R = 0, and the value of tan «.

Given that V3 sin 6+ V6 cos = 3 cos(d — @), where 0 < a < 90°, find the value of a.
Given that 2 sin 8 — VS cos 8= —3 cos(f + a), where 0 < « < 90°, find the value of a.
Show that:

a cosf+sinf= ’v‘fsin(ﬂ i+ 17:) b V3sin26— cos20=2 sin(ZSi— g)

Prove that cos 26 — V3 sin20=2 COS(ZB + %) =-2 sin(Z.& - %)

Find the value of R, where R > 0, and the value of a, where 0 < @ < 90°, in each of the
following cases:

a sin @+ 3cos =Rsin(f + «) b 3sinf—4cos#=Rsin(f — a)
¢ 2cosfi+ 7sin #=Rcos(f — a) d cos26— 2sin260=Rcos(26 + )
a Show that cos 6 — V3 sin @ can be written in the form Rcos(f + a), with R >0 and
o
0<a<—.
gt

b Hence sketch the graph of y = cos # — V3 sin 6, 0 < a < 27, giving the coordinates of
points of intersection with the axes.

a Show that 3 sin 36 — 4 cos 36 can be written in the form Rsin(36 — «), with R >0 and
0<a<90°.

b Deduce the minimum value of 3 sin 36 — 4 cos 30 and work out the smallest positive value
of # at which it occurs.
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9 a Show that cos 20 + sin 26 can be written in the form Rsin(26 + a), with R >0 and
aw
O<a<—
)

b Hence solve, in the interval 0 < ¢ < 2, the equation cos 26 + sin 26 = 1, giving your
answers as rational multiples of .

10 a Express 7 cos #— 24 sin 6 in the form R cos(6 + «), with R > 0 and 0 < a< 90°,
b The graph of ¥ = 7 cos 6 — 24 sin # meets the y-axis at P. State the coordinates of P.
¢ Write down the maximum and minimum values of 7 cos 8 — 24 sin 6.

d Deduce the number of solutions, in the interval 0 < 8 < 360°, of the following equations:
i 7cos6—24sin6=15 il 7cos 60— 24sin6=26 iii 7cos#— 24sin 6= —25

11 a Express 5sin® § — 3 cos? # + 6sin #cos f in the form asin 20 + bcos 20 + ¢, where a, b and ¢
are constants.
b Hence find the maximum and minimum values of 5sin® # — 3 cos? # + 6sin Gcos 6.

12 Solve the following equations, in the interval given in brackets:

a 6sinx+8cosx =5V3 [0, 360°] b 2cos36—3sin36=—1 [0, 907

c Scos@+ 15sin.6d=10 [0, 3607 d 5sin % -12 cns% = -6.5 [-360° 360°
13 Solve the following equations, in the interval given in brackets:

a sinxcosx=1-25cos2x [0, 360 b cot 0+ 2 = cosec @ [0, 3607

¢ sinf=2 cosf - sec d ‘ |0, 1807 d\V2 cns(ﬂ— ;) + (V3 - 1)sin#=2 [0, 2

4—2V2sina
5in _ k

14 Solve, it possible, in the interval 0 < #< 36(°, 8% 180°, the equation 1+ cos 0

in the case when k is equal to:
a4 b2 cl d0 e -1

15 A class were asked to solve 3 cos 6= 2 — sin 6 for 0 = = 360°. One student expressed the
equation in the form R cos(f — a) =2, with R>0 and 0 < a < 90° and correctly solved the
equation.

a ‘Find the values of R and « and hence find her solutions.

Another student decided to square both sides of the equation and then form a qﬁadratic
equation in sin #.

b Show that the correct quadratic equation is 10sin* # - 4sin #—5=10.

¢ Solve this equation, for 00 = # < 360°.

d Explain why not all of the answers satisfy 3 cos #= 2 — sin @.
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